
 Fix notations of finite dim simple Lie Alg
of of Ettt E the affine Lie Alg

This note is where c central and
basically a copy
of SamJerald's IFS TX f 909 IX 93 9 fx.ge Reqfdg.c
note with my comments
togetherwithsomeconnestion

Yf
write

with previous talks set of 9 TTT 9 ETTY

of_ G 9 Ett

then of 9 9 Ec

Root system wgt lattice Way gp
those things also exist in of denote
them by the same symbols with a

Set to be hgt root is the dual coroot

Def take a ept.lt 2 we say i is of level L

if cx s L

set PT I kept ex ousel
Aim we want to define fusion rule on Pt
This case might be more interesting because it's more

computable and physicists only care about this case

unitary reps of affine liesalgs must
have non negative integer level

What's the difference between KE Qco and LE 2
the answer is finiteness and semisimplicity

this is why easier



Prof 16.3.3 Thari Pressley
1 Ok is semisimple if KE Q
2 Every obj of Or has a composition series of finite

119th if
KEQ so In patiular LEZ T

crucial for existence of we defined
To be explicit recall W Z

Z Home Ys G Z CZ Gk.Y
Gk spannedby

f 7_ xp fr
s t fi so EZGTEDthe trickypoint If showing we 0

is that W is f g where
we should use K E 020

for 1 E Z we turn to Oint by considering
integral module then we also have the finite long
property and define similaryly easier

Recall the def of generalizedVerma module

take Ept Max L 015
p

n

Here P Cc 9 i e of P of_
Inf Van has UCP structure given by

V in 0

c Vix L.Id.VN

It follows Mix C has unique maximal submodule

Nex.LI generated by oct 1
10 1

v

LetHIM H a c Mix.lt Nix.e go Nx
d



Imt H X is integrable irreducible

highest wat of_mod Conversely any integrable

highest Wgt of mod is iso to some Hex.CI

IE andcofe
dualconformal blocks

9 LEZ Σ Eg IP in our lecture

a smooth connected proj carve over

of genus 9
Indeed the independence of fusion rules
with the chosen pts follows from geometric
structure Since we use dimension to define

Take P Ps where 5 1 Pie Σ
as mentioned in Sam's talks 5 3 is

most important
exit is die PT

Let 0cal be regularfunctions on U 9 ru 9 014

take U Z P for pie P choose a local

coordinate ti let fp e Gettis be the local

Laurent expansion of f near Pi hence we have
an alg homo

O Σ p Ttt 7295 glob
induces Lie alg homo g E p of Tt



Set H x'̅s H X Hits

define 912 P action on it like before
rfi V Vs v10 ftp Vix0 0V

Def The space of Vacua is given by

P P Hong z p
f He t.CI

rivial mod
The space of Covacua is givenby

vz p P He Joy ez p

HEY 2 p HR
ie the space of coinvarints we also define
this in KE Oco case but use 9s globnotatio

LM 1 VI P I Vzcp.FI Duality
2 dime Vzip Icb

Pf 1 VI Pt x ̅ Homogezp CHED
E

Home Her e
912 81

HomerH
e p H C

Veep
f a Xl a fix fix
a f x ff ax fix
f 9 X 0



2 hard but we know this from previous lecture
as well

Recall VIN if Pt iru of mod

Vin a of mod with hgw wox

preserves Pt
Pf cx OK wox OVs

Cx _Weous

X O's L
note WoOV OV

Prof let it x as
then vzcp.FI I Veep

Pfofsketch i.fr any auto t of of we can define

an endofunctor of RepCOI by compose w̅

by extending to F E Aut191 we can show

for T2 of End Hx Rx I Rx
We can do this to each faitor



Propigation of Vacua Make it easier to compute
Let P IP Ps Σ 8 19 at

and every point is distinct

Also Fix 14 as c pitz Hi Ht

Set V F V H1 V H it's of mod

We want to define ar g Z p action on VIP
1 this is different with KEQco case I

f V Vt v1 frei x 0i WE

this is valid because ffg.cz pyaluation
at Ai

and qi E p

Hence we can define a 912 pl action

on HE VITT
LaurInt

Exp
automation

Thy The natural map covasna vacua

HiPs vifT13gcz.pl Vec we Up

induced from OCI p mod homo Viti Hifi
is an 250

Pf Noo but focus on applications



Corollary Propigation of Vacua
take a point a Σ P we have
cal Vz p Vz Pusa Pu 103
add additionalpunctures with watodoeshot change valua

b Vz P P H 1010 UP g z 993
replace s punctures by 1 punctures

Pf Make use of them trivial

ia Vz Pusat V10 I HCP V10 Joy z p
HE Joy z p

b
vz cpt

b HCO VII Joy z gap I V2 Sa up so's up

I vz IP I

Low I P A U 8 note 1A E

fix P P Ps E A S note by some automorphism
of IP we can always do this

fix exi Asif Pt

hgt toot hgt coroot take Xo Eo 90
X F EG

such that Xo X

we know CXo X OVS 512

O N e 8



X n f 5
o n h 1

denote sla 01 Xo X s

For VE Vedi Vids of mod
we define operator evaluation operator

by 910,0 00s

Pil Xavi
Pi Xavi

that a Vp p P V1
ve s Imp

in particular if Sso Im 9 0

then Vip cp VC Toy.VE
Recall when KE Qco we have similar

TEY at that them there is no 2mQ term
for H this implies LI is important Indeed

Finkelberg's result titt Oint has
that assumption L 5 3

b Upi p I of modmaps siinvflatf.pt 03
this followsfrom al and Viptcp.FI YpiP

Pf I am not going to talk about this

It relies on the fact we choose pts not is

and the description of max submodule of MIA.lt



Eg Take Σ P of slz 5 3

For nent w fundamental wgt Pt 24 a

set Veni Vanws dimVcn ntt ivv sh vep

PH at for fni.no As f 24 the space

VK.ve HomslaCViPl 1 is at most 1 dim

and it's 1 dim iff f ni not ns 224

sum of Éw of themI must the third

b For Ni N2 Ns 0,1 93

Vip P1 P2 Psl Cm w now nzw1 is at

most one dim Moreover it's 1 dim if
nitnaths 2C

Pf For a Recall Clebsch Gordan Formula
ine.ve xoVcm fUCmtn
zilwhere9mincmint

We may suppose n na ns

then Vine Vine V93

Vanitha is Usns

knitnaths i25

if nitna ns then Nitnath i 25
Mithaths i 21 hithz it
Ns ni natiso



However in this case the coinvariance is zero

indeed there can benonzero if there is trivial
module there can be at most 1 such term

which is just

For b Ufi P1 P2 Ps Ni N2 Ns

Sff Homs VCP C fol o

atmostdimbya if I not hold
it's

assume holds

Take standard basis of V11 fer ez

Home VII G poly of deg ni

in means why in three variables

f Pix x2 Xs f either
fe Xz ez 120
e ez B

Let n t the 1 dim subspace

Homsh VCP G corresponds to the poly

Upto scaling Po Xi Xz Xs Xz Xs x h h X x2

Use X 00101 acts by derivation wirit

I 0 001 X2
1010 0 3

Po 0 pm corresponds to It when expand
Po x P E X2tPz E Xs P3 E



x ̅ Xs Ecpa Ps 3 Erps P 2

Xi Xa terp _p s

Note Po is of deg 3h ni na ns n by defofn
so if 1 1 n Poop o

T.e.net hath 21

Conversely if n 21 1 then expand above and
use fact that Pi Pz P3 are distinct this

gives poop thither

Hencefrom Vipi P x ̅ ft Homosive 7 G f 9

Eg If we're dealing with Σ IP 5 1 but 9 not

necessary sla just as usual we branch over 512101

Take Usa VA yen in where Venin

is the sla 10 isotypic compotent of wat n

set VC IF
p tags _V emina ns

where V11 miming Vlan V142 ena V37

The Vipi P I ffehomoycvias.at flvet p o

Ex PEIA EPI Vipi pid

P affA diff Pt Vipi p.at ix fer H

d H



Fusion Rules

Question what's this formally
A finite set with Evolution i e ida
Set Z EA 2 9 be the free monoid generated

by A extends to Z A by linearity
Def A fusion rule on A is a mapFETTA 2

sit 1 F ol
2 F a so for some at A
3 FIX Fix for XEZ TA
4 Fix 9 Fixed Fcy x Vx Yf245

Furthermore it's non degenerate if
5 HAEA Ida fA sit Frat dalto

Why do we need this

Prof let F Z A Z be a non deg fusion rule on A

then the abelian gp Z A becomes a commutative
a

ringwith identity under the fusion product given
by

a b Σ Flatbat Ha be A
NEA extend linearly



Moreover there a unique linear form called trace
Z A 2 sit

1 tra.b Baib a DEA

2 Fana F Ipad
We say ZRA t is the fusion ring

associated to the fusion rule F

Back to our would

If Let F 2 1PT Z be the following map
1 FIQI 1 where Q is zero in Z TPT
2 Ff dit As dimVip p
for some pts PEIPI fail As

Independence of

That Let E P be a smooth connected s pted
prog curve 15217 of genus 920
such that 29 2 5 0 Then E PY S

dimeVzlP I only depends on 9 and x ̅
In our case P 9 0 for 523 because

of thin the independence is verified
for 5 2 or 5 7 we know from above Ex

dimVip P P 0 or 1 depends only
on



Take wox the above F gives a non deg falsionia

1 F IQ
21 Fi 1 1 by Ex
Pt

31 Fix dimUp p dimVipCp I F ix

41 Factorization thm pta
5 For XE PT Vip Pia fix i

hence xePet HEPI Fi 1 41 0

Now why 5 3 is important

For simple Lie alg of the fusion ring at level

denoted R 19 is the fusion ring Z Pt with

Fi defined above as 2 mod we may regard
it as free generated by isoclasses Va NEPI
the level fusion product is given by
Va V4

Ep
dimVip P ix Hin 1 Vip

Eg take sla case n n we Pt n n

take n.ms L

VEDOUCHI Evin Um É vintm z.is

i maxco mtn 11



Prof For x HE PF.TV IN TVCHI

is the iso class of VM UCH quotient

by the 9 sub mod generatedby
Vex VIA ca Ter

P 9 8 21

Core If HE PT then

T V9 IT VIHI VINOVCHI
i effision product recover the usual

tensor product for 50

Pf
she case H E PT n m l

ie ntm LEO maxco ntm L 0

hence no term vanish
general The largest isotypic comp of UN

A are Nous Nous and the largest component
is is Kth OV If HE PT
Pt are Alo's 4104 f 104

21

the quotient is zero


